JACOBI EQUATIONS AND COMPARISON THEOREMS FOR CORANK 1 
SUB-RIEMANNIAN STRUCTURES WITH SYMMETRIES 



CHENGBO LI AND IGOR ZELENKO 

Abstract. The Jacobi curve of an extremal of optimal control problem is a curve in a Lagrangian 
Grassmannian defined up to a symplectic transformation and containing all information about the 
solutions of the Jacobi equations along this extremal. In our previous works we constructed the canonical 
bundle of moving frames and the complete system of symplectic invariants, called curvature maps, for 
parametrized curves in Lagrange Grassmannians satisfying very general assumptions. The structural 
equation for a canonical moving frame of the Jacobi curve of an extremal can be interpreted as the 
normal form for the Jacobi equation along this extremal and the curvature maps can be seen as the 
"coefficients" of this normal form. In the case of a Riemannian metric there is only one curvature 
map and it is naturally related to the Riemannian sectional curvature. In the present paper we study 
the curvature maps for a sub-Riemannian structure on a corank 1 distribution having an additional 
transversal infinitesimal symmetry. After the factorization by the integral foliation of this symmetry, 
such sub-Riemannian structure can be reduced to a Riemannian manifold equipped with a closed 2-form 
(a magnetic field) . We obtain explicit expressions for the curvature maps of the original sub-Riemannian 
structure in terms of the curvature tensor of this Riemannian manifold and the magnetic field. We also 
estimate the number of conjugate points along the sub-Riemannian extremals in terms of the bounds 
for the curvature tensor of this Riemannian manifold and the magnetic field in the case of an uniform 
magnetic field. The language developed for the calculation of the curvature maps can be applied to more 
general sub-Riemannian structures with symmetries, including sub-Riemmannian structures appearing 
naturally in Yang-Mills fields. 



1. Introduction 

Let I? be a vector distribution on a manifold M , i.e., a subbundle of the tangent bundle TM . Assume 
that an Euclidean structure (•, ■) ^ is given on each space Vq smoothly w.r.t. q. The triple (M, 2?, (•, •)) 
defines a sub-Riemannian structure on M. Assume that M is connected and that T) is completely 
nonholonomic. A Lipschitzian curve 7 : [0,T] — > M is called admissible if 7(i) G 2?-y(t)i for 
t. It follows from the Rashevskii-Chow theorem that any two points in AI can be connected by an 
admissible curve. One can define the length of an admissible curve 7 : [0,T] — > M by \\'^{t)\\dt, 
where ||7(i)|| = (7(t), 7(t)) ^ . 

1.1. Sub-Riemannian geodesies. The length minimizing problem is to find the shortest admissible 
curve connecting two given points on M . As in Riemannian geometry, it is equivalent to the problem of 
minimizing the kinetic energy i J^^ ||7(i)|p(ii. Indeed, by Schwartz inequality any curve minimizing the 
kinetic energy is the shortest one and, conversely, an appropriate reparametrization of a shortest curve 
is an energy minimizer. 

The problem can be regarded as an optimal control problem and its extremals can be described by 
the Pontryagin Maximum Principle of Optimal Control Theory ([Hj)- There are two different types of 
extremals: abnormal and normal, according to vanishing or nonvanishing of Lagrange multiplier near the 
functional, respectively. Sub-Riemannian energy (length) minimizers are the projections of either normal 
extremals or abnormal extremals. 

In the present paper we will focus on normal extremals only. To describe them let us introduce some 
notations. Let T*M be the cotangent bundle of M and a be the canonical symplectic form on T*M , i.e., 
a = — d<r, where <j is the tautological (Liouville) 1-form on T*M. For each function H : T*M R, the 
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Hamiltonian vector field h is defined by i^a — dh. Given a vector u e TgM and a covector p € T* Ad we 
denote hy p ■ u the value of p at u. Let 

(1.1) h{X)^m^^ip-u~huf) = hp\v,f, X={p,q)eT*M, qeM,peT;M, 

where p|x), is the restriction of the linear functional p to Vq and the norm HpIp, || is defined w.r.t. the 
Euclidean structure on Vq. The normal extremals are exactly the trajectories of X{t) = h{X). 

1.2. Jacobi curve and conjugate points along normal extremals. Let us fix the level set of the 
Hamiltonian function h: 

Hc^lXe T*M\h{X) = c}, c> 
Let Ha be the vertical subspace of T\Ti.c, i-C-, 

where tt : T*M — > M is the canonical projection. With any normal extremal A(-) on He, one can 
associate a curve in a Lagrange Grassmannian which describe the dynamics of the vertical subspaces 11^ 
along this extremal w.r.t. the flow e*'\ generated by h. For this let 

(1.2) i^5A(i)-e;*^(n,K,)/{MMA)}. 

The curve ^\{t) is the curve in the Lagrange Grassmannian of the linear symplectic space W\ = 
T\Hc/'^h{X) (endowed with the symplectic form induced in the obvious way by the canonical symplectic 

form a of T*M). It is called the Jacobi curve of the extremal e*''A (attached at the point A). 

The reason to introduce Jacobi curves is two-fold. On one hand, it can be used to construct differential 
invariants of sub-Riemannian structures, namely, any symplectic invariant of Jacobi curve, i.e., invariant 
of the action of the linear symplectic group Sp{Wx) on the Lagrange Grassmannian L(W\), produces 
an invariant of the original sub-Riemannian structure. On the other hand, the Jacobi curve contains all 
information about conjugate points along the extremals. Then a natural question arises: how do the 
symplectic invariants effect the appearance of the conjugate points? 

Recall that time to is called conjugate to if 

(1.3) e^o'^A n n^,„K, ^ 0. 

and the dimension of this intersection is called the multiplicity of to. The curve 7r(A(.))|[o,t] is W^-optimal 
(and even C-optimal) if there is no conjugate point in (0, t) and is not optimal otherwise. Note that (|1.3p 
can be rewritten as: e~*°^Il^t^j^-^ n Ha 7^ 0, which is equivalent to 

aA(io)n3A(0) y^o. 

1.3. Statement of the problem. In our previous papers ([H], [12]), we constructed the canonical 
bundle of moving frames and the complete system of symplectic invariants for parametrized curves in 
Lagrange Grassmannians satisfying very general assumptions. As a consequence, for any sub-Riemannian 
structure defined on any nonholonomic distribution on a manifold M one has the canonical (in general, 
non-linear) connection on an open subset of the cotangent bundle, the canonical splitting of the tangent 
spaces to the fibers of the cotangent bundle and the tuple of maps, called curvature maps, between 
the subspaces of the splitting intrinsically related to the sub-Riemannian structure. We give a brief 
description of these constructions in section 2. The structural equation for a canonical moving frame of 
the Jacobi curve of an extremal can be interpreted as the normal form for the Jacobi equation along this 
extremal and the curvature maps can be seen as the "coefficients" of this normal form. In the case of 
a Riemannian metric the canonical connection above coincides with the Levi-Civita connection and the 
splitting of the tangent spaces to the fibers is trivial. Moreover, there is only one curvature map and it 
is naturally related to the Riemannian sectional curvature tensor. 

However, for the proper sub-Riemannian structures (i.e. when D 7^ TAI) very little is known about 
the curvature maps, except that they depend rationally on points of fibers of T* M . In order to interpret 
better these invariants, to understand their role in optimality properties of sub-Riemannian extremals 
and other qualitative properties of flows of extremals, we suggest to study them for a special class of 
sub-Riemannian metrics having sufficiently many symmetries such that after an appropriate number 
of factorizations one gets a Riemannian metric. Such sub-Riemannian structures appear naturally on 
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principal connections of principal bundles over Riemannian manifolds (including Yang-Mills fields as a 
particular case): the sub-Riemannian structure is given by a pull-back (with respect to the canonical 
projection) of the Riemannian metric of the base manifold to the distribution defining the connection. 

How the above-mentioned curvature maps are expressed in terms of the Riemannian curvature tensor 
of the base manifold and the curvature form of the principal connection? How to estimate the number 
of conjugate points in terms of the bounds of the Riemannian curvature tensor of the base manifold and 
the curvature form of the principal connection? We answer these questions in the case when principal 
bundles have one-dimensional fibers. It is well known that such geometric structures describe magnetic 
fields on Riemannian manifolds, where the connection form is seen as the magnetic potential. The main 
results of the paper are the explicit expressions of the curvature maps (Theorems I5.m5.3l below) and 
the estimation of the number of conjugate points along sub-Riemannian extremals (Theorem 16. II below) 
in terms of the Riemannian curvature tensor of the base manifold and the magnetic field (the latter is 
done in the case of the uniform magnetic field). We also believe that the coordinate-free language we 
introduced in sections 3 and 4 for calculation of these invariants will be useful in the treatment of the 
more general situations mentioned above. 

2. Differential geometry of curves in Lagrange Grassmannian 

In this section we briefly describe the construction of the above-mentioned curvature maps. The details 
can be found in [11], [10]. Denote by L(W) the Lagrangian Grassmannian of an even dimensional linear 
symplectic space W endowed with a symplectic form oj. Given A S L{W), the tangent space T\L{W) 
of L(W) at point A can be naturally identified with the space Quad{A) of all quadratic forms on linear 
space A C W. A curve A(-) is called monotonically nondecreasing (monotonically nonincreasing) if the 
velocity is nonnegative definite (nonpositve definite) at any point. 

2.1. Young diagrams. Denote by C(A) the canonical bundle over A: the fiber of C(A) over the point 
A(t) is the linear space A(i). Let r(A) be the space of sections of C(A). Define the ith extension of A(-) 
(or the z-th osculating space) by 

AW(t) - span{— ^(t) : £(t) G C(A),0 < j < i}. 

The flag A{t) C A(i)(i) C A(2)(i) C ... is called the associated flag of the curve A(-) at point t. Assume 
that the following two conditions hold: 

(1) dim A^^^{t) — dim A'^^~^\t) is independent of t for any i; 

(2) A(p)(t) = W for some p G N. 

Remark 1. Both of the assumptions are not restrictive: the first holds in a neighborhood of generic 
point and the second holds afler the appropriate factorization. 

It follows from the first assumption above that 

dim A^'+^\t) - dim A(^)(t) < dim A^'^t) - dim A^'-^^t). 

Therefore, using the flag, to any A(-) we can assign the Young diagram in the following way: the number 
of boxes of the zth column is equal to dim A'^*'(i) — dim A'*~^)(t). Assume that the length of the rows 
of D be pi repeated ri times, p2 repeated r2 times, . . ., pd repeated r^ times with pi > P2 > ■■■ > Pd- In 
this case, the Young diagram D is the union of d rectangular diagrams of size ri x pi^l < i < d. Denote 
them hy Di,l < i < d. The Young diagram A, consisting of d rows such that the ith row has pi boxes, 
is called the reduced diagram or the reduction of the diagram D. The rows of A will be called levels. To 
the jth box a of the ith level of A one can assign the jth column of the rectangular subdiagram Di of D 
and the integer number (equal to the number of boxes of D in this subcolumn) , called the size of the 
box a. 

2.2. Normal moving frames. As usual, by A x A we will mean the set of pairs of boxes of A. Also 
denote by Mat the set of matrices of all sizes. The mapping i? : A x A — > Mat is called compatible 
with the Young diagram D, if to any pair (a, b) of boxes of sizes si and S2 respectively the matrix i?(a, b) 
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is of the size S2 x si. The compatible mapping R is called symmetric if for any pair (a, 6) of boxes the 
following identity holds 

(2.1) R{b,a) ^ R{a,bf. 

Denote by Tj the ith level of A. Also denote by Ui and ai the first and the last boxes of the ith level 
respectively and by r : A\{ai}f^i — > A the right shift on the diagram A. The last box of any level will 
be called special. For any pair of integers {i,j) such that 1 < j < i < consider the following tuple of 
pairs of boxes 

{aj,ai), {aj,r{a,)), {r{aj),r{a,)) , {r{aj),r^ (ai)) , . . . , {rP'-^{aj),rP^~^{ai)), 

r^'-i(a,)), . . . , (rP^-i(a,),rP'-i(a.)). 

Definition 1. A symmetric compatible mapping i? : A x A — > Mat is called normal if the following 
three conditions hold: 

(1) For any 1 < j < i <^ d, the matrices, corresponding to the first {pj — — 1) pairs of the tuple 
(|2.2p . are equal to zero; 

(2) Among all matrices TZ{a,b), where the box b is not higher than the box a in the diagram A the 
only possible nonzero matrices are the following: the matrices TZ{a, a) for all a G A, the matrices 
R{a, r{a)) , R(r{a), a) for all nonspecial boxes, and the matrices, corresponding to the pairs, which 
appear in the tuples (j2.2p . for all 1 < j < i < d; 

(3) The matrix R(^a,r{a)^ is antisymmetric for any nonspecial box a. 

Note that this notion depends only on the mutual locations of the boxes a and b in the diagram A. 
Now let us fix some terminology about the frames in W, indexed by the boxes of the Young diagram 
D. A frame [{ea}a€D, {/ajaeo) of W is called Darboux or symplectic, if for any a, /3 E D the following 
relations hold 

(2.3) uj{ea,e,3) =0, u;{fa, fi3) = 0, uj{ea, fp) = S^^p, 

where Sa,i3 is the analogue of the Kronecker index defined on D x D. In the sequel it will be convenient 
to divide a moving frame (^{ea{t)}aeD, {fa{t)}aGD) of W indexed by the boxes of the Young diagram D 
into the tuples of vectors indexed by the boxes of the reduction A of D, according to the correspondence 
between the boxes of A and the subcolumns of D. More precisely, given a box a in A of size s, take 
all boxes ai, . . . , of the corresponding subcolumn in D in the order from the top to the bottom and 
denote 

Eait) = (e„,(0,...,ea,(t)), Fait) = (t), . . . , (t)) . 

Definition 2. The moving Darboux frame {{Ea{t)}aeA, {Fa(t)}aeA) is called the normal moving frame 
of a monotonically nondecreasing curve A(t) with the Young diagram D, if 

A{t) = spa.n{Eait)}aeA 

for any t and there exists an one-parametric family of normal mappings i?t : A x A — *■ Mat such that 
the moving frame {{Ea{t)}aeA, {Fa(t)}aeA) satisfies the following structural equation: 



(2.4) 



( E'ait) ^ Ei(a){t) if aeA\Ti 

E'^{t) = Fa{t) if aeTi 

Kit) - - E Et{t)Rtia, b) ~ F,(a){t) if aeA\S 

beA 

Fi{t) = - Eb{t)Rt{a,b) if aeS 

beA 



where Ti is the first column of the diagram A, S is the set of all its special boxes, and I : A\J-i > A, 

r : A\ S — > A are the left and right shifts on the diagram A. The mapping Rt, appearing in {2.4% is 
called the normal mapping, associated with the normal moving frame {{Ea{t)}aeAi{Fa{t)}aeA)- 

Theorem 2.1. For any monotonically nondecreasing curve A(i) with the Young diagram D in the 
Lagrange Grassmannian there exists a normal moving frame {{Ea{t)}aeA, {Fa{t)}a(£A) ■ A moving frame 



{{Ea{t)}aeA,{Fa{t)}a^ 



eA) 
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is a normal moving frame of the curve A(-) if and only if for any 1 < i < d there exists a constant 
orthogonal matrix Ui of size ri x r,; such that for all t 

(2.5) Ea{t) = Ea{t)U,, Fa{t) ^ Fa{t)U,, VaGT,. 

As a matter of fact, normal moving frames define a principal 0{ri) x 0(r2) x ... x 0(rfe)-bundle of 
symplectic frame in W endowed with a canonical connection. The normal moving frames are horizontal 
curves of this connection. 

Relations p.Sp imply that for any box a G A of size s the following s-dimensional subspaces 

(2.6) Va{t) = span{£;,(t)}, l/^rans^^) ^ span{F,(i)} 

of A(i) does not depend on the choice of the normal moving frame. In particular, there exists the canonical 
splitting of the subspace A(i) defined by 

(2.7) A{t) = Vait), dim Vait) = size(a) 

aeA 

and the canonical complement A'''^"^(i) to A(i) defined by 

(2.8) A'™'"(i) = ^^'"''(O- 

Moreover, each subspace Vait)iaiid Va^^^^it)) is endowed with the canonical Euclidean structure such 
that the tuple of vectors i?a(and Fait)) constitute an orthonormal frame w.r.t. to it. Taking the canonical 
Euclidean structures on all Vait) and assuming that subspaces Vait) and Vfc(i) with different a and b are 
orthogonal, we get the canonical Euclidean structure on the whole A(t). 

The linear map from Vait) to Vfc(i) with the matrix i?t(a, b) from (|2.4p in the basis {Eait)} and {Eb{t)} 
of Vait) and Vbit) respectively, is independent of the choice of normal moving frames. It will be denoted 
by 9^t(a, b) and it is called the (a, b)-curvature map of the curve A(-) at time t. Finally, all (a, 6)-curvature 
maps form the canonical map 5H( : A(t) Ait) as follows: 

(2.9) RtVa = J2Rtia,b)va,yva e Vait),aeA. 

beA 

The map £Ht is called the big curvature map of the curve A(-) at time t. 

2.3. Consequences for sub-Riemannian Structures. Let (M, I?, (•,•)) be a sub-Riemannian struc- 
ture. Note that the Jacobi curve associated with an extremal in M is monotonically nondecreasing. A 
point A £ T*M is called a Z3-regular point if the germ of the Jacobi curve Z\it) at t = has the Young 
diagram D. Assume that for some diagram D the set of Z)-regular point is open in "Hi and let A be 
the reduced diagram of D. The structural equation (|2.4p for the Jacobi curve Zxit) can be seen as the 
intrinsic Jacobi equation along the extremal e*''A and the (a, 5)— curvature maps are the coefficients of 
this Jacobi equation. 

Since there is a canonical splitting of Zxit) and taking into account that 3a (0) and IIa can be naturally 
identified, we have the canonical splitting of IIa : 

Ha = VaiX), dim (Va(A)) = size(a), 

where Va(A) = V;(0). 

Moreover, let ^\ia, b) : Va(A) Vf,(A) and the d\\ : IIa ^ IIa be the (a, 6)-curvature map and the big 
curvature of the Jacobi curve Zxi') at t = 0. These maps are intrinsically related to the sub-Riemannian 
structure. They are called the (a,b)- curvature and the big curvature of the sub-Riemannian structure at 
the point A. Also, the canonical complement 5a''^^^(^) at i = give rise a canonical complement of IIa 
in Wa, where W\ = T\Ti.i /Rh, as before. For any aeA, denote 

(2.10) V^'^^^^(A) = K*''''''(0). 

It turns out that ^^Vq'"^^^(A) defines the canonical (non-linear) connection of T* M . 

aeA 
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Let A e T*M and let X{t) = e*'*A. Assume that {E^{t), F^{t))ae A is a normal moving frame of the 
Jacobi curve d\{t) attached at point A. Let 2; be the Euler field on T*M, i.e. the infinitesimal generator 
of the homothctics on its fibers. Clearly Tx{T*M) = TxUh-i^x) © K(£(A). The flow e*'' on T*M induces 
the push-forward maps (e*'')^ between the corresponding tangent spaces T\T* M and T^tj^^T*M, which 
in turn induce naturally the maps between the spaces TxiT* M) /Rh{X) and T ts^r*M/M/i(e*''A). The 
map /C* between Ta(T*M)/rK(A) and T^^n ^T* M /Rh{e*'' X) , sending E^{0) to {e^^))^E^{t), F^{Q) to 
{e*"^) ^F^[t) for any a g A, and the equivalence class of 2:(A) to the equivalence class of €(e*'*A), is 
independent of the choice of normal moving frames. The map /C* is called the parallel transport along 
the extremal e*''A at time t. For any v e T\{T* M) /Wi{X) , its image v{t) = K}{v) is called the parallel 
transport of v at time t. Note that from the definition of the Jacobi curves and the construction of 
normal moving frame it follows that the restriction of the parallel transport ICt to the vertical subspace 
T\{T*^y^M) of T\{T*M) can be considered as a map onto the vertical subspace T^tf^^{T*^ ^-^^M) of 

T ,K^(r*M). A vertical vector field V is called parallel if V{e*'^X) ^ /C*(y(A)). 

In the Riemannian case, i.e., when V = TM, the Young diagram of the Jacobi curve A(-) consists of 
only one column and the corresponding reduced diagram consists of only one box. Denote this box by a. 
The structure equation for a normal moving frame is of the form: 

" E',{t)^Fa{t) 

F^{t) = -Ea{t)nt{a,a). 



(2.11) 



Remark 2. Note that from (|2.1ip it follows that if (^Ea{t) , Fa{t)) is a Darhoux moving frame such 

that Ea{t) is an orthonormal frame of A{t) and span{i^a(i)} = A*'''''^''(i). Then there exists a curve of 
antisymmetric matrices B[t) such that 



(2.12) 



E;^(t) = Ejt)B{t) + Fa{t) 
Fi{t) = -Ea{t)TZt{a,a) + Fa{t)B{t), 



where TZt{a,a) is the matrix of the curvature map 9^t(a, a) on A(i) w.r.t. the basis Ea(t). 

In 2J and ■!] it was shown that in the considered case the canonical connection coincides with the 
Levi-Civita connection and the unique curvature map yi\{a, a) : Va(A) — > Va(A) (where Va(A) — Tlx) was 
expressed by the Riemannian curvature tensor. In order to give this expression let i?^ be the Riemannian 
curvature tensor. Below we will use the identification between the tangent vectors and the cotangent 
vectors of the Riemannian manifold M given by the Riemannian metric. More precisely, given p g T* M 
let p'^ G TqM such that p ■ v = {p^ , v) for any v € TqM . Since tangent spaces to a linear space at any 
point are naturally identified with the linear space itself we can also identify in the same way the space 
TxiT*^x)M) with T,(A)Af. 

(2.13) 9^A(a,a)f = i?^ (/,«'')/, WX = iq,p) € Hh-i^x), q e M,p e T* M, veUx. 

Given a vector X e TqM denote by Vx its lift to the Levi-Civita connection, considered as an Ehresmann 
connection on T*M. Then by constructions the Hamiltonian vector field h is horizontal and satisfies 
h — Vp. Take any e IIa and let F be a vertical vector field such that ^(A) — v. From (|2.13p , 
structure equation ()2.1ip . and the fact that the Levi-Civita connection (as an Ehresmann connection on 
T*M) is a Lagrangian distribution it follows that the Riemannian curvature tensor satisfies the following 
identity: 

(2.14) {R^ip\v'')p\w'^) = -a ([Vp., Vy.](A), V^.) . 

For the nontrivial case of sub-Riemannian structures, i.e., when T> TM, let us consider the simplest 
case: the sub-Riemannian structure on a nonholonomic corank 1 distribution. Fix dim M = n(n > 3). 
Recall that our considerations are local, thus wc can select a nonzero 1-form ujq satisfying wqIx) = 0. 
Then dcoolv is well-defined nonzero 2- form up to a multiplication of nonzero function. Therefore, for any 
q S M, the skew-symmetric linear map Jq : T>q — > T>q satisfying dujo{q){X, Y) = {JqX, Y) ^ , VX, Y GT>q 
is well-defined up a nonzero constant. Let 

p-L = {(p, q) e T*M : p • w = 0, Vw e Vq}, ^v^n t*m. 
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Besides, one has the following series of natural identifications: 

(2.15) T;M/vj^ ^ v; Vg, 

where V* C T*M is the dual space of T>q. According to this identification, Jq can be taken as the linear 
map from the fiber T*M of T*M to T*M/V^ (in this case, Jq\x,^ = 0). 

Let D be the Young diagram consisting of two columns, with (n — 2) boxes in the first column and 1 
box in the second column. Then the set of Z3-regular points coincides with {(p, (?) G Hi : JqP ^ 0}(see 
step 1 of subsection 3.3 Proposition 13.11 below for the proof in the particular case with symmetries) . 
In the case of n > 3, the reduced Young diagram consists of three boxes: two in the first column and 
one in the second. The box in the second column will be denoted by a, the upper box in the first 
column will be denoted by h and the lower box in the first column will be denoted by c. Note that 
sizc(a) — size(fe) = 1 and size(c) = ri — 3. When n — 2>, the reduced Young diagram consists of two boxes, 
a and h as above and the box c doesn't appear. All formulae for n > 3 will be true for n = 3 if one 
avoids the formulae containing the box c. In this case, the symmetric (Darboux) compatible mapping 
(with Young diagram D) is normal if and only if Rt{a, b) = and the canonical splitting of Tlx has the 
form: IIa = Va(A) ® V6(A) © Vc(A), where Va(A), V(,(A) are of dimension 1 and Vc(A) is of dimension n — 3. 
These subspaces can be described as follows. As the tangent space of the fibers of T*M can be naturally 
identified with the fibers themselves (the fibers are linear spaces), one can show that 

Using the fact that V6(A) ® Vc(A) M.p is transversal to V^, one can get the following identification 

(2.16) Vbi\)®Vc{X)®Rp-T;M/V^, 
Finally, combining (|2.15p and (|2.16p . we have that 

(2.17) Vb{X)®Vc{\)®Rp-V;^Vq, 

Under the identifications, one can show that (see step 1 in subsection 13.31 below) : 

(2.18) V;,(A) = Rjqp, Vc{X) = (span{p, Jp})^. 

Regarding the (a, 6)— curvature maps, even in the considered case it is difficult to get the explicit 
expression in terms of sub-Riemannian structures without additional assumptions. Here we calculate them 
in the special case of sub-Riemannian structures on corank 1 distribution, having additional infinitesimal 
symmetries. After an appropriate factorization, such structure can be reduced to a Riemannian manifold 
equipped with a symplectic form (a magnetic field) and the curvature maps can be expressed in terms of 
the Riemannian curvature tensor and the magnetic field. 

3. Algorithm for calculation of canonical splitting and (a, 6)-curvature maps 

We begin with the discussion of sub-Riemannian structures with additional symmetries and show that 
they can be reduced to a Riemannian manifold with a symplectic form. Then we describe the algorithm of 
finding of normal moving frames for the Jacobi curves of the extremals of such structures. As a result, we 
write down the canonical complement V^'^^^^(A) using the symplectic form a, Lie derivatives w.r.t. h and 
the tensor J. Further, we establish certain calculus relating Lie derivatives and the covariant derivative 
of the reduced Riemannian structure. As a result, we can characterized sub-Riemannian connection in 
terms of Levi-Civita connection and the tensor J. 

3.1. Corank 1 sub-Riemannian structures with symmetries. As before, assume that I? is a non- 
holonomic corank 1 distribution. Assume that the sub-Riemannian structure (Af, I?, (•, •)) has an addi- 
tional infinitesimal symmetry, i.e., a vector field Xq such that 

ef-V^V, (e*^«)* (.,.) = (•,•). 

Assume also that Xo is transversal to the distribution T>, RXq @ Vq — TqM^q g M. In this case, 
the 1— form loq, defined by loq\t> — 0, as before, can be determined uniquely by imposing the condition 
u!o{Xo) — 1. Therefore dujolv and the operator Jq are also determined uniquely. Let ^ be the 1-foliation 
generated by Xq. Denote by M the quotient of M by the leaves of ^ and denote the factorization map by 
pr : M — > M . Since our construction is local, we can assume that M is a manifold. The sub-Riemannian 
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(3.1) 



metric (•, •) induces a Riemannian metric g on M. Also dojQ and Jq induce a symplectic form Q and a 
type (1,1) tensor on M, respectively. We denote the (1,1) tensor by J as well. Actually, Q can be seen as 
a magnetic field and J can be seen as a Lorenzian force on Riemannian manifold M. The projection by 
pr of all sub- Riemannian geodesies describes all possible motion of a charged particle (with any possible 
charge) given by the magnetic field fl on the Riemannian manifold M(see e.g. [T] Chapter 12] and the 
references therein). 

Define uq : T*A/ — > M by uo{p, q) ^p-Xa{q), {p, q) e T*A/, q e M,p G T*M. Since is a symmetry 
of the sub-Riemannian structure, the function mq is the first integral of the extremal flow, i.e., {h, uq} = 0, 
where {•, •} is the Poisson bracket. 

3.2. Algorithm of normalization. First let us describe the construction of the normal moving frames 
and the curvature maps for a monotonically nondecreasing curve A(t) with the Young diagram D as in 
subsection 12.31 The details can be found in [11 . In this case, the structural equation for the normal 
moving frame is of the form: 

f E'M = E,(t) 

m) = m) 

Kit) = F,{t) 

F'^[t) = -E,{t)Rt{a,c) ^ Ea{t)Rt{a,a) 
Flit) = -E,{t)Rt{h,c) - Eb{t)Rt{h,b) - Fait) 
[F^it) = -Ec{t)Rt{c, c) - Ebit)Rt{c, b) - Ea{t)nt{c, a). 

Assume that each element of the set {£a(A),£6(A),£c(A), ^^^(A), J^f,(A), J^c(A)} is either a vector field 
or a tuple of vector fields, depending on the size of the corresponding box in the Young diagram such 
that 

{£a{e'^\),Eb{e'^X),£,(e'^\),Ta{e'^\), Tb{e*^X), T,(e'^\)) 

= K.\£a{\).£b{X),£c{\).Ta{\).Tb{X),T,{\)), 

where /C* is the parallel transport, defined in subsection 2.3. Recall that for any vector fields X,Y one 
has the following formula: ^ \ s~*^Y = adxY. So, the derivative w.r.t. t on the level of curves can be 
substituted by taking the Lie bracket with h on the level of sub-Riemannian structure. The normalization 
procedure of [TTj can be described in the following steps: 

Step 1 The vector field £a(A) can be characterized , uniquely up to a sign, by the following conditions: 
£aW e Ha, a.dh£a{X) e Ux, and 

cr{adh£aiX), {'Adh)^£a{X)) = 1. 

Then by the first two lines of £b{X) = 8idh£a{X) and Tb(X) = (ad/J)25„(A). 

Step 2 The subspace Vc is uniquely characterized by the following two conditions: 

(1) Vc(A) is the complement of Vq(A) ® Vh(A) in Ux; 

(2) Vc(A) lies in the skew symmetric complement of 

Va(A) e Vf,(A) e R{adh)^£aiX) ® R{adh)^£aiX). 

It is endowed with the canonical Euclidean structure, which is the restriction of 3a(0) on it. 

Step 3 The restriction of the parallel transport /C* to Vc(A) is characterized by the following two 
properties: 

(1) /C* is an orthogonal transformation of spaces Vc(A) and Vc(e*'*A); 

(2) The space span{^ ((e"*'*)* (/C*w)) : v € Vc(A)} is isotropic. 

Then V*™""(A) = span{^ ((e-*'"*)* (/C*w)) : v G Vc(A)}. 

Step 4 To complete the construction of normal moving frame it remains to fix J-a{X). The field J-a{X) 
is uniquely characterized by the following two conditions (see line 4 of p.ip V 

(1) The tuple {£a{X) , £b{X) , £c{X) , J^a{X) , J^b{X) , J^c{X)} constitutes a Darboux frame; 

(2) a{adhTa{X),TbiX)) =0. 
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In order to find J^a(A), one can choose any Ta[\) such that {£a('^),fh(A),fc(A),^a(A), ^-'^(A), J^c(A)} 
constitutes a Darboux frame. Then 

(3.2) Ta{\) ^ Ta{X) - (j{s.dhTa{\),Tb{\))£a{\). 

3.3. Preliminary implementation of the algorithm. In order to implement the algorithm for the 
corank 1 sub-Riemannian structure with symmetries, let us analyze the relation between T* M and T* M 
in more detail. The canonical projection tt : T* M — > M induces the canonical projection tt : T* M —t M . 
Let S be the 1-foliation such that its leaves are integral curves of uq. Let PR : T*M T*M/E be the 
canonical projection to the quotient manifold. 

Fix a constant c. The quotient manifold {uq = c}/S can be naturally identified with T*M. Indeed, a 
point A in {uq = c}/2 can be identified with a leaf PR~^(A) of S which has a form ((e^*'^")*^, e*"^"*;), 
where A — {p,q) & PR~"^(A), q & M and p € T*M. On the other hand, any element in T*M can be 
identified with a one-parametric family of pairs (e'^^^g, (e~''^'')*(p|x))). The mapping / : {uq = c}/S — > 
T*M sending (e^^^q, {e^'^^")*p) to (e*-^°9, (e^*-^°)* (p|-d)) is one-to-one (because p{Xo) = uq is already 
prescribed and equal to c) and it defines the required identification. Therefore, for any vector field X on 
T*M, we can assign the vector field X on T*M s.t. PR^X = (/-^)*X and tt^X G V. 

Let (T be the standard symplectic form on T*M. Note that (/ o PR)*ij is a 2-from on {uq = c}. Let, 
as before, a be the standard symplectic form on T*M. Let cjq be the 1-form as in subsection 13. II Then 
a and TT*du;Q induce two 2-forms on {uq = c} by restriction. The following lemma describes the relation 
between these 2-forms. 

Lemma 3.1. The following formula holds on {uq = c}. 

(3.3) a = {I o PR)* a ~ uqt:* dojQ. 
Proof. First define a 1-form <;o on T* M by 

^o{v) = ?/o^o(^*«), V e T*M, A - ip,q) e T*M,qe M,p e t;m. 

Let and c be the tautological (Liouville) 1— forms on T*M and T*M respectively. Then on the set 
{uq = c} one has ^ = (/oPR)*if-|-(;^Q. Therefore, by definition of standard symplectic form on a cotangent 
bundle, we have 

(3.4) (T = (/ o PR)*(7 — rfc^o = (/ o PR)*(7 — duQ A tt*luo — UQT:*dLj{). 

We complete the proof of the lemma by noticing that rfc^o = U{)-K*dLjQ on {uq = c}. □ 

Before going further, let us introduce some notations. Given v E TxT*M (~ T*M), where q — 7r(A), we 

can assign a unique vector v'^ £ Tpj.(q-)M to its equivalence class in T*A//Va(A) by using the identifications 

(|2.16p and ()2.17p . Conversely, to any X e TpY(q)M one can assign an equivalence class of T\{T* M)/Va{X). 
Denote by X"" E T\T*M the unique representative of this equivalence class such that duQ{X'") = 0. 

Lemma 3.2. For any vectors X,V £ TxT*M with 7r*y = we have cf{X, v) = g{n^X, V'^). 

Proof Let A = {p,q) e T*M, p £ T*M,q G M and <; be the tautological (Liouville) 1-form on T*M as 
before. Extend the vector X to a vector field and V to a, vertical vector field in a neighbourhood of A. It 
follows from the definition of the canonical symplectic form and the verticality of V that 

aiX, V) = -d^{X, V) = V[^{X)) -h ^([X, V\) = 

V{p ■ TT^X) - P-Tt4V,X]^V ■ TT^X. 

In the last equality here we use again the identification between T\T*M and T*M . Finally, V ■ n^,X = 
g{V^, TT^X) by the definition oiV^. □ 

Lemma 13.11 implies that the sub-Riemannian Hamiltonian vector field can be decomposed into the 
Riemannian Hamiltonian vector field and another part depending on the tensor J. 
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Lemma 3.3. The following formula holds. 

(3.5) K(A) = Vp/x -^to(J/)^ 

where A ~ {p,q) G T*M,q E M,p G T*M and Vpd is the lift of p^ to T*M w.r.t. the Levi-Civita 
connection. 

Proof. Denote by h the Riemannian Hamiltonian function on T* M . Since the Hamiltonian vector field h 
is horizontal w.r.t. the Levi-Civita connection and its projection to M is equal to p'^, we have h — Wph. 
Further, it follows from the definition of / that (/o PR)*/i = h and (I o PR)»(Vpfi ) = Vph. Thus, for any 
vector X tangent to {uq = c}, we have 

a{VpH,X) = ((/oPR)*CT-uo7r*dwo)(Vph,X) 

= 5-(Vph,(/oPR),X) - worfwo(/,7r,X) 

= dh{{I oPR)^X) ~uoduJo{p'\n^X) 

= (/oPR)*d/i(X) - wodwo(/,7r*X) 

= d{{IoPRyh){X) ~uog{Jp'',TT*X) 

= dhiX) + uo<T{{Jp''y , X) 
It follows that h{X) and Vph — uo{Jp^)^ are equal modulo M.uo, which is the symplectic complement of 
the tangent space to {uq ~ c}. But TT^h{X), tt* (Vph) G Dq and tt^uq = Xq ^ Dq, which implies p.Sp . □ 

Now we give more precise description of normal moving frames following the steps as in subsection 
O Assume that V*™""(A), Vf ""''(A), V^™""(A) are defined by (ITTUll . 
Step 1 First define the vector field £a on T*M by 

(3.6) Z{X) G Ux, Ta{\) G P^, du^(£a{\)) = 1. 

For further calculations it is convenient to denote £a by duo i because to take the Lie brackets of £a with 
h is the same as to make "the partial derivatives w.r.t. uq" in the left handside of (|3.5p . Indeed, by (jS.Sp 
ad/i = [Jp^Y G IIa and then 7r*((adft,)^ duo) — —Jp^- Then from Lemma IX^ it follows immediately 
that 

a(adK9,„,(adK)2 a„J = \\Jp'-f. 
As a direct consequence of the last identity we get 

Proposition 3.1. A point A — {p, q) G T* M is a D— regular point if and only if Jqp ^ 0. 

Remark 3. Note that if V is a contact distribution the operators Jq are non-singular, and all points of 
T* M out of the zero section are D-regular. 

Further from step 1 of subsection 13.21 we have that 

(3.7) £aiX)- 



(3.8) £UX) = adH £^{X) = + h 

(3.9) ^,(A) = '.dh £,{X) = pl^[/J, (J/)1 + 2h (pi^) (Jp'r + {h? (p^) duo. 
By direct computations, 

(3.10) ^4/I,(j/)n = -J/. 

Step 2 Let us characterize the space Vc(A). For this let IIa = {w G IIa : duo{v) = 0} and let 
TTo : IIa ^ IIa be the projection from IIa to IIa parallel to £a{X). Note that 7ro(f) = {v'^)" . Since 
Vc(A) G IIa and Vc(A) lies in the skew symmetric complement of (ad/i)^5a(A), we have, using p.lOp and 
Lemma Em that 

(3.11) Ve(A) = (span{(/), (J/)}^)'' modR£a{X). 
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Further, let Vc(A) — 7ro(Vc)- Using the condition that Vc(A) is in the skew symmetric complement of 
{a,dh)^£aW, we have 

(3.12) Vc(A) = {v + A{X, v)£aW ■■ V e Ve(A)}. 

where A{X, v) is the linear functional on the Whitney sum T*M ® T*M over M, given by 

(3.13) A{X,v) = a{v ^ 11^.11 )■ 

Step 3 Since the normal moving frame is a Darboux frame, the space V^^^^^{X) lies in the skew 
symmetric complement of Vf,(A). Besides, its image under tt* belongs to I?(7r(A)). Then, using Lemma 
13.21 we obtain that 

(3.14) pr, o TT* (V*''^^'^(A)) EE span{p'', j/}^ modRp'^, 

where, as before, pr : M ^ M is the canonical projection. RecaU that V*''^^'^(A) G TxiT* M) /Rh{X) . 
As a canonical representative of V^'^^^^(A) in T\{T*M) one can take the representative, which projects 
exactly to spanjp'', Jp'*}^ by tt*. In the sequel, this canonical representative will be denoted by V^^^^^(A) 
as well. 

Further, given any X e span{p'', Jp''}-L denote by V^^ the hft of X to V*^^^^(A): i.e. the unique 
vector G V}^^^^{X) such that pr, o tt^V^j- = X. Then there exist the unique B £ End(Vc(A)) and 
a,/3 e Vc(A)* such that 



(3.15) V^. =V^+i3(^o(«))+«(t')|/4^+/3(«)a„o, "iveVc 



where, as before, V stands for the lifts to the Levi-Civita connection on T*M . Let us describe the 
operator B and the functionals a and j3 more precisely. First we prove the following lemma, using the 
property (1) of the parallel transport /C* listed in subsection 13.21 

Lemma 3.4. The linear operator B is antisymmetric w.r.t. the canonical Euclidean structure in Vc(A). 

Proof. Fix a point A G T*M and consider a small neighborhood U of A. Let £c — be a frame of 

Vc) (i.e. Vc(A) = span£c(A)) for any A e C/ such that the following three conditions hold 

(1) £c is orthogonal w.r.t. the canonical Euclidean structure on Vc] 

(2) Each vector field is parallel w.r.t the canonical parallel transport /Ct, i.e. 5*(e*/iA) = /C*£*(A) 
for any A and t such that A, e*^X E U ; 

(3) The vector fields {Jp^Y and f * commute on U n T*^-^^M; 

(4) The vector fields uq and commute on [/ n T*^^^M. 

Note that the frame £c with properties above exists, because the Hamiltonian vector field h is transversal 
to the fibers of T*M and it commutes with uq. 

From the property (2) of the parallel transport /C* (see property (2) in step 3 of subsection 13. 2p it 
follows that 

(3.16) V^£,). = -adhS'^ 

Let 5* = 7ro(5*) for 1 < i < n - 3 and f"-^ ^ ^0^. Also let £ = {£'}"~^. Using the above defined 
identification / : {uq = c}/S — > T* M, where c = mo(A), one can look on the restriction of the tuple of 
vector fields E to the submanifold {uq = c} as on the tuple of the vertical vector fields of T*M (which 
actually span the tangent to the intersection of the fiber of T*M with the level to the corresponding 
Riemannian Hamiltonian). Then first the tuple £ is the tuple of orthonormal vector fields (w.r.t. the 
canonical Euclidean structure on the fibers of T*M, induced by the Riemannian metric g). Further, 
by Remark [2] the Levi-Civita connection of g is characterized by the fact that there exists a field of 
antisymmetric operators B £ End(span£(A)) such that 

(3.17) [Vj,.,r(A)] = - B£\X) 
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From (|3.16p and (|3.17p . using (|3.5p . p.l2p . and the property (3) of one has 



= V ^^^^ . + i? f ' ( A) - ^( A, f ^ ) ^jf-jL. mod Ra„„ . 

Note that one has the foUowmg orthogonal sphtting of the space span£: 
(3.19) spanf (A) = Vc{X) ® R( Jp'')". 

The operator B is exactly the endomorphism of Vc(A)) such that Bv is the projection of Bv to Vc{X) w.r.t. 
the sphtting ([Slg]) for any v G V^. Obviously, the antisymmetricity of B implies the antisymmetricity 
of B. The proof of the lemma is completed. □ 

Now we are ready to find B explicitly using the fact that V*'^''"'' is isotropic. For this let ip be the 
projection from (Kp'')-'- to spanjp'', Jp'^}^ parallel to Jp^. Obviously, 

\Jp^ 

Lemma 3.5. The operator B satisfies 



(3.20) V^eVe 



(3.22) Bv^^{-iJv'r+giJv\Jp'')ir^], V^eVe. 



(3.21) (Bw)'' = -y</jo VweVc 

or, equivalently, 

y(-('/^'T + 5(J«^J/){|-?" 

Proof. Since V''^''"^(A) is an isotropic subspace, we have 

a(V^.,V^,0 =0, yvi,V2eVc 

On the other hand, from p.lSp and the fact that V^'^^'^^ lies in the skew symmetric complement of 
Va ® Vb it follows that 

(3.23) aiVl,,Vl,) ^ a{v^ + Bi,,V^ + BU2), 

where vt = iroivi), i = 1,2. Then, using (|3.3p . the fact that the Levi-Civita connection (as an Ehresmann 
connection) is a Lagrangian distribution in T*M and Lemma 13.21 we get 

0^aiVl^,Vl^) = ((/oPR)*a-uo7r*dcJo)(v„j +S5i,V^j +5^2) = 

- uodcooiv'l^v!^) ~ g{iBv,y\v'^) + g((i?«2)'\ v^) = 

- uog{Jv1, v!^) - g{{Bv,)\ v'^) + g{{B*i,)\ v'^). 

Taking into account that B is antisymmetric, we get identity p.2ip . Then, using relation (|3.20p and 
Lemma Em one easily gets identity p.22p . □ 

Further we need the following notation. Given a map S : T*M © W\ — > M, define a map 5*^^'' : 
T*M®T*M — > R by 



(3.24) S^^\\v) = ^S{e'^\jCv) 

at 



X,ve T*M, 



t=o 

where in the second argument we use again the natural identification of T*f^y^M with T\[T*f^-y^^M). 
Lemma 3.6. The functionals a and (3 from p.lSp satisfy the following identities 
(1) a{v) = -cr(V>, adh (Jp'^Y); 
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Proof. First, from step 2 in subsection 13.21 it follows that for any v € Vc(A), we have 

0^aiVl,,adhiJp''y) - aiYy^+B{noiv))+a{v)y^+l3iv)duo,adh{Jp''y)^ 

ajV^h, adh {Jp'^T) + a{v). 

Therefore, a{v) = -cr(V^, ad/J (Jp'T)- 

Further, take the tuple of vertical vector fields £c = {£l}i=i as in the proof of Lemma [51^ Then from 
p.l5p . (|3.16p . and the fact that the vector fields h and Uo commute it follows that 

(3.25) (3i£l) = fT(?Io,V^£.)0 = -aiuo,&dh£l) = -[h,£l]iuo) = -ho£l{uo) = -h{aiuo,£l)). 
Then from by (|XT^ it follows 

(3.26) ^(^„,£:^)^_L_^(A,f^). 

The item (2) of the lemma follows immediately from p.25p and (|3.26p . □ 

Step 4 According to the algorithm, described in subsection 13.21 first find some vector field Ta such 
that the tuple {£a, £b-, £c,J'a-, ^b, constitutes a Darboux frame. Let Q3o be a vector in Vc(A) such that 

(3.27) ^(2Jo, V^O = /3(v), -iv e Ve(A). 
Also, let 21Jo be a vector in vi''^^^^(A) such that 

(3.28) a{v,WQ)^A{\,v), Vu G Vc(A). 

Note that by constructions the map v V^^ is an isomorphism between Vc and V*'^''"''. Let 5Ji be a 
vector in Vc such that = VL^ . Then from KT!\ and (IX^ it follows that 

(3.29) ^(A,QJo) -/?(5Ji). 
Lemma 3.7. A vector field Ta can he taken in the following form 

(3.30) Ta{X) - -WJp'^Wuo + II J/ll'Oo - 2IIo + || J/||(/J)' (p^) ^^^^^ " "^^'"^ (pP^) ^'^^^ 

Proof. Note that such vector field !Fa is defined modulo R£a = Therefore we can look for !Fa in 

the form 

(3.31) = 71 "0 + ■l2£b + IZ^b +Vc + Vc, 

where Vc e Vc and Vc e V*'"'"^. Then 

(1) From relations a{£a,Ta) = 1 and (13. 7p it follows that 71 = — 1| Jp''||; 

(2) From relations a{£b,Ta) = and it follows that 73 = -|| V'||H (ppry); 

(3) From relations a{Tb,Ta) = and ([SH) it follows that 72 = || Jp'*||(K)2 (ppr^); 

(4) From relations cr(J^a,VJ,) = for any v ^ Vc and the decomposition (|3.15p it follows that 
<jivc,Vl^) = WJp'^mv) for any v G Vc. Hence Vc = ||Jp1|QJo; 

(5) From relations a{Ta,v) = for any u G Vc and relation p.l2p it follows that cr(wc,i') = .A(A, u) 
for any u G Vc- Hence Uc = — 2Uo- 

Combining items (l)-(5) above we get p.3ip . □ 

The canonical J- a is obtained from Ta by formula (j3.2p . 



Now as a direct consequence of structure equation (j3.ip , we get the following preliminary descriptions 
of (a, 6)— curvature maps (under identification 12.18]) . 
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Proposition 3.2. Let V be a parallel vector field such that V{X) ~ v. Then the curvature maps satisfy 
the following identities: 



(3.32) .g((fRA(c,c)«)\w'') --a(arf/I V^,,V^V)' Vu; G Ve(A) 

(3.33) yix{c,b)v = a{adh V^,, .F;,(A))i^ = a{adh ^,(A), V^J^ 

(3.34) 5nA(c,a)w - <j{adh V^, , .Fa(A))a„„ 

(3.35) 91^(6, 6)(^) = -cr{adh T,{X) , T,{m^-0^) 

(3.36) d\x{a,a)duo = -cr{adh J^a(A), J^a(A))9„o 

4. Calculus and the canonical splitting 



4.1. Some useful formulas. Constructions of the previous section show that in order to calculate the 
(a, 5)— curvature maps it is sufficient to know how to express the Lie bracket of vector fields on the 
cotangent bundle T*M via the covariant derivatives of Levi-Civita connection on T*M. For this, we 
need special calculus which will be given in Proposition 14. II below. 

Let A be a tensor of type (1,-?^^) and i? be a tensor of type {l,N) on M, K,N > 0. Define a new 
tensor A»B of type {1,K + N - 1) by 

K-l 

A • B{Xi, Xk+n-i) = ^ A{Xi, ...,Xi, B{Xi+i, . . . X^+at), Xi+Ar+i, Xk+n-i)- 

This definition needs a clarification in the cases when either K — or N — 0. li K = Q, then we 
set Au B = 0, and if = 0, i.e. S is a vector field on AI, then we set A • B{Xi, Xk-i) ~ 
^{^1, ^i; B, Xi^i, Xk-i)- Also define by induction = AuA^. For simplicity, in this 

section, we denote 

(4.1) A/' = A{ p^,/\...,p^) , Ap = {Ap'^y. 

K 

Besides, we denote by VA the covariant derivative (w.r.t. the Levi-Civita connection) of the tensor A, 
i.e., VA is a tensor of type (1, X + 1) defined by 

(4.2) V^(Xi, ...,Xk,Xk+i) = (VxK+i^)(Ari, -^Xk). 
Also define by induction V*+M = V(VM). 

Now we are ready to give several formulas, relating Lie derivatives w.r.t. the h and classical covariant 
derivatives, which will be the base for our further calculations: 

Proposition 4.1. The following identities hold: 

(1) [Ap,Bp\ = {B.A)p-{A.B)p- 

(2) [Vap^.Bp] = - ViA,B)p^ + {{^Ap'^B)p'r; 

(3) [ Vap'> , Vbp'. ] - V(v^,.a)p''-(v^^.AV^ + (fl^(V,i3/)p^)" - f^(V,S/)wo, 
where the 2-form fl is as in subsection \3.1\ (recall that fl{X, Y) = g(JX, Y) ). 

(4) Vp(<?(^p^i3p")) =^?((VA)p^i3p'') +.g(Ap^(VB)p''). 

Proof. Obviously, it is sufficient to prove all items of the proposition in the case, when the tensors A 
and B have the form A = SX and B = TY, where S and T are tensors of the type (0, K) and (0, L) 
respectively and X and Y are vector fields. By analogy with (|4.ip . let 

Spf" = 5'(/,/, ...,p^) and r/ = T(/,p'', ...,p^). 

K L 

Then directly from definitions we have 

(4.3) {A»B)p'' ^ Bp{Sp'')X, 
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where by Bp[Sp^) we mean the derivative of the function Sp^ in the direction Bp. Therefore 
[Ap, Bp] = [S'/X^ T/y] = Ap(T/)y^ - Bp{Sp^)X'' ^{B* A)p ~{A* B)p, 

which completes the proof of item (1). 

For the proof of the remaining items one can use the foUowing scheme: First one shows that it is 
sufficient to prove them in the case K = L — 0, i.e. when A and B axe vector fields in M. Then one 
checks them in the latter case. As a matter of fact, the required identities in the latter case follow directly 
from the definitions of the Levi-Civita connection for items (2) and (4) and from the definition of the 
Riemannian curvature tensor for item (3), where the nonholonomicity of the distribution T) causes the 
appearance of the additional term. 

Let us prove item (2). The left handside of the required identity for A — SX and B — TY has the 
form 

(4.4) [V^, Bp] = [ Vsp-x , Tp'^y] = Sp''X(Tp^)Y- - Bp{Sp'')Yx_ + Sp^Tp^[Yx_, Y^] 
Using (j4.3|) . the first term in the right handside of the required identity can be written as follows: 

(4.5) V(A.B)p'^ = Bp{Sp'')Yx_. 

Further, let us analyze the second term of the right handside of the required identity: 

(4.6) (V^p.i?)/ = (Vsp.xT/r)/ = Sp''X{Tp'^)Y + Sp'^Tp'^V xY 

Comparing (|4.4p with (|4.5p and (|4.6p we conclude that in order to prove the item (2) it is sufficient to 
show that [Vx, iXY] — iV xYY . The last identity directly follows from the definition of the covariant 
derivative. 

Let us prove item (3). The required identity is equivalent to the following one 

(4.7) [ Vap^ , Vbp-^ ] - V(v^^,B)p'.-(v^^,A)p'^ = (i?^(A/, B/)/)"^ - r!(A/, S/)uo. 

Note that both sides of the last identity are tensorial: the result of the substitution A = SX to both 
of them is equal to S multiplied by the result of the substitution oi A = X (and the same for the 
corresponding substitutions of B). Therefore it is sufficient to prove this identity in the case when A ^ X 
and B = Y, where X and Y are vector fields on M. Since the Levi-Civita connection is torsion-free, i.e. 
WxY — VyX = [X, y], the required identity in this case has the form 

(4.8) ([V2L,Vy]- V[x,y] ) (A) = (i?^(X, F)/)" - n{X,Y)uoW- 

Let us prove identity (ITH]) . For this let = {v <E TxT*M : tt^v e Vq} be the puUback of the distribution 
D w.r.t. the canonical projection tt. Then we have the following splitting of the tangent space T\T*M 
to the cotangent bundle at any point A: 

(4.9) TxT*M = V^{\) e Mmq. 

Denote by Trf and ttj the projection onto T)^ and the projection onto Mmq w.r.t. the splitting (|4.9p . 
respectively. By definition, for any vector field Z on M, one has V z G ■ Thus by definition of the 
Riemannian curvature tensor, 

(4.10) {R^{X,Y)p^r - ([Vx, W](A)) - V[^(A) 
It remains only to prove that 

(4.11) ^|'([Vx,Vy]) = -n{X,Y)uo. 

Note that from p.4p it follows that is the symplectic complement of the vector field duo ■ Besides, by 
definition, a{uo, Ouq) = 1. Therefore, 

(4.12) ^2([Vx,Vy]) -(7([Vx,Vy],a„„)wo 

Using again (j3.4p and the definition of the form il we get 

f7([Vx, Vy],9„J = c^o(^,[Vx, Vy]) - -dL^o(^*Vx,7r,Vy) = -n{X,Y), 

where luq is the 1-form on M defined in subsection 13.11 This completes the proof of the formula (|4.1ip 
and of the item (3). 
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Finally, let us prove item (4). As in the proof of item (2), we can substitute into the left handside and 
right handside of the required identity A — SX and B — TX to conclude that it is sufficient to show 
that 

=g(Vp.y,r) +g(x,Vp.y), 

but the latter is actually the compatibility of the Levi-Civita connection with the Riemannian metric. □ 
Remark 4. Note that if K = then item (2) has the form 

(4.13) [V^,i?p] = ((V^.S)/r 
and if N = Q then item (2) has the form 

(4.14) [ Vap" , B] = - V(A.B)p>. ; 

4.2. Calculation of the canonical splitting. Using formulas given by Proposition 14. 11 we are ready 
to express the canonical splitting of Wx (= TxH^/Wz) in terms of the Riemannian structure and the 

tensor J on M. Note that by p.7p the subspace Va is already expressed in this way. To express the 
subspace Vb and V^''^'^'' we need the following 

Lemma 4.1. The following identities hold: 

(1) h[jJ-)=-^g{Jp\VJ{p\p^^))- 

(2) {hf (pi^) = ^g^{Jp\VJ{p\p'^)) ^g{yj{p\p>^),VJ{p>\,p'^)) 

- i[ji>rj\s9{Jp'\y^J{p\p'\p")) + j^{g{J^p\VJ{p\p'^)) + g{Jp\VJ{Jp\p'')) 
+ g{Jp\VJ{p^Jp''))). 

Proof. (1) Using item (4) of Proposition l¥?T] we have 

(4.15) Vp. {g{Jp\ Jp'^)) = 2g(VJ(/,/), j/); 
Besides, 

(4.16) {Jp'^r {g{Jp\ Jp'^)) = 2g{jy\ Jp'^) = 0. 

Combining the last two identities with p.Sp we immediately get the first item of the lemma. 
(2) Using item (4) of Proposition [47l] we get from (|4.15p that 

V^. (5(Jp^ Jp'')) = 2Vp. (.g(VJ(/,/), J/)) = 25(VV(/,/,/), J/) 
+2g(VJ(p^/),VJ(/,p'')); 

Further, 

(j/)''(5(VJ(/,/),j/)) - 

(5(VJ(J/,/), J/)) + (5(VJ(/, J/), J/)) + (.9(VJ(/,/), JV)) 

Using the last two identities together with (|4.16p . one can get the second item of the lemma by straight- 
forward computations. □ 

Now substituting item (1) of Lemma WA\ into (|3.8|) we get the expression for the subspace Vb- Now let 
us find the expression for V^''''"''. First by (|3.5p and item (2) of Proposition 14. II we have 

(4.17) [K, [Jp'^f] = [Vp. - u^iJp'^r, = -V(jp.). + (VJ(/,/))^ 

Substituting the last formula and the items (1) and (2) of Lemma WA\ into p.9p we will get the required 
expression for V^'^'*"*'. 

Further, according to (|3.12p in order to find the expression for Vc we have to express A{\tV). 
Lemma 4.2. Let v Then 

(4.18) ^(A,.) = p^5(^'^ VJ(/,/)) - ^^9{v\ JV). 
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Proof. Using relation (|4.17p and items (2) and (3) of Proposition 14. 11 we get 

7r,(ad/J)2(j/)") = -2VJ(/,/) + uoJV- 

Then 

a{v, pi^ad2t(j/)") = p^'^(«, -2VJ(/,/) + uoJV + II j/ll V) 

which completes the proof of the lemma. □ 

In order to express V'"'"^(A) it is sufficient to express the operator B and functionals a and /3, defined 
by p.lSp . The operator B is already expressed by (I3.22p . Further, from decomposition (|3.3p . Lemma 
13.21 and the fact that the Levi-Civita connection is a Lagrangian distribution it follows that 

(4.19) a{v) = -a(V^,-Vjp. + (VJ(/,/))") 

= -uodcjo{v\jp'')-giv'\VJip\,p'')) 
= uog{v\j'p'^)-g{v\\/J{p\p'^j) 
Note that from (|3.22p , (|4.18p , and (|4.19p it follows by straightforward computations that 

(4.20) B{Mv)) + "Hp^ - -Y^J-'r - ^^(A,-)^- 

To derive the formula for /3 we need to study the operator A^'^^ For later use we will work in more 
general setting. Let S be a tensor of type (1, K) on M. This tensor induces a map S : T* M ®T* M — > R 
by 

(4.21) S{\, v) - g{&p'\ v''), A = (p, q) e T*M,p e M,p e T;M. 
where &p^ is as in ()4.ip . 

Proposition 4.2. Let v e Vc(A). 

5(1) (A, v) = -\s (^A, JJ^^ A\ v) + 9{v'\ (V6)/ - uo{e . J)/ + ^uo{J • S)/) 

Proof. Take ?j e Vc(A) and let v — Tro{v). Let V and be parallel vector fields such that V{X) — v and 
V{X) — V. We first show that the following identity holds. 

2-^^^'"^ WJp'^W + 2 

For this first by (I3.15P and ()3.16p we have 

On the other hand from p.l2p it follows that v ^ v + A{X,v)£a{X). Hence from (I3.7p . (|3.8p . and the 
second relation of Lemma 13.61 one gets 

[h,V]{X) - [h,V]{X) = [h,A{X,i)£a{X)] 

( Jn^Y / 1 \ (1) ( Jn^Y 

Therefore, by (|4?23l) and ([420| we have 



(4.22) [h,V]{X) = -V,. - -^(A,^)VfTV + ^(■^^')^ 



(4.23) [h, V] (A) = -V,. -B{v)-a{v) - /3(«)9„ 



e~*"v{t) = -V^h - B(v) - a(w) 



4=0 



||Jp/.||2 -^^^'''^ llJp'^ll 



The proof of fi?^ is completed. 
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Further, from Lemma 13.21 and definition of S given by it follows that 

S{X, v) — a{v, Vgpfi ) 

(4.24) S^'HX,v)^a([h,V{X)],Vepn) + a(5, [K, Vsp.]) 

The first term in identity (|4.24p can be calculated using the relation (|4.22p and Lemmas l3.2l and [3.3l Then 

we apply Proposition 14. 1 1 and relation (13. 3p to get tt* (^a.dh(V isph)j = {\'&)p^ — uo{6 • J)p^ and we can 

calculate the second term using again Lemma [3.21 Putting all the calculations together, we completed 
the proof of the proposition. □ 

As a straightforward consequence of the previous Proposition and lemma 14.11 we get 

Corollary 1. Let v e Vc(A). 

A'\X,v) = -^g («^2VV(/,/,/) - 3uoV J(J/,/) 

^'■''^ 1 \ / im^x 

-2uoV J(p^ Jp'^) + -wg JV j - -4(A, v)A (^A, jj^^j ■ 

The function (3 can be expressed by substituting (|4.25p and item (1) of Lemma [4. II into item (2) of 
Lemma 13.61 In this way one gets the required expression for the subspace V*'^™''(A). To summarize, we 
have 



(4.26) V^. ^Yj^^ A{X,v))^ - ^{Jv'^Y + P{v)d, 



To finish the representation of the canonical splitting, we find more detailed expression for Vq''™''(A) = 
Mjra(A) on the base of equations (|3.2p and (|3.30p . For this we will describe the properties of vectors QJo, 
QJi , and 22Jo from Step 4 of subsection 13.31 which will be used in the calculations of the curvature maps 
(section 5). 

Lemma 4.3. Let v g Vc(A) and V be a parallel vector field such that V{X) = v. Then the following 
identities hold: 

(1) 23'/ = (pro7r),2ITo = -p|^VJ(p^/■) + ^JV + ?.o|| Vib'^ + p^ff(VJ(p^p'^), V)>^/- 

(2) a(21Jo, arfK(V^^,)) = 9 ((9^a(c, c)v)\ QJ?^ , 
<j{Wo,adhTb{X)) = -g(^{mx{c,b)^i)\j^y 

Proof. 

(1) From (P?^ and Lemma [Ol it follows that 

(pr o 7r),Wo = -p^VJ(/,/) + j^^J^p'\ modspan{/, j/}. 

Note that by constructions (pro 7r)*21Jo G spanjp'', Jp''}^. Let us work with the orthogonal splitting 
TgM = span{p'', Jp''}^ Rp^" RJp'\ Assume that the vector j^^S/J{p'',p'') - J^p'' has the 
following decomposition w.r.t. this splitting: 



Then 



-^VJ(/,/) - = - (pr o ^),21Jo + 7i/ + 72 J/. 



Note that g{WJ{p'',p''),p'') = W'^g{Jp^,p'') = 0. So, 71 = uo\\Jp^\ 
Finally, 
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Note that since J is antisymmetric, we have g{J^p^, Jp^) = 0. Therefore, 72 = yj^hp gCV J(p^,p''), Jp^), 
which completes the proof of item (1). 

(2) Relations in this item are direct consequences of relations (|3.32p and p.33p respectively. 

□ 

5. Curvature maps via the Riemannian curvature tensor and the tensor J on M 

Let A — {p,q), q £ M, p e T* M be the given D-regular point, as before. Fix v G Vc(A). As before, 
denote by i?^ the Riemannian curvature tensor. 

Theorem 5.1. The curvature map ^\{c,c) can be represented as follows 

g((fHA(c, c){v))\v'^^ = g{R^{p\ v'^)p\v'^) + u^g{v\ VJ{p\v'^)) + ^pv'^f - \a\\ v), 
where A is as in (|4.18p 

Proof. Take v € Vc(A) and parallel vector fields V such that ^(A) = v. As in the proof of Lemma we 
can take V such that 

(5.1) [(j/)^y](A) = o, Aec/nT;M, 

where ?7 is a neighborhood of A. For simplicity denote a — {I o PR*)(t. 
Recall that by Proposition 13.21 (relation p.32p there) 

g{{^x{c,c)vf,w'') = -a(adH V^^., V^.)- 

Let us simplify the right-hand side of the last identity. First, from the last line of the structural 
equations p.ip it follows that 

(5.2) 7r,(ad/I(V^,0) e mK. 
Then from (fOe]) it follows that 

(5.3) (T(ad/J(V^O> Vj;.) = g(adfe(V^,),V,.) 

Further, from the decomposition p.3p it follows that the form uot:*cLuq a — (t is semi-basic (i.e. its 
interior product with any vertical vector field is zero). Besides, since v e Vc(A), from p. lip it follows 
that 7r*dcjo(K, V„h) = g{Jp^,v^) = 0. Therefore, 

(5.4) g((9^A(c,c)«)\i;'') - -a{adh V^., V,.)- 

Also, from relation (|3.32p it follows that it is enough to consider a,dh V^,, modulo Va(A) © V;,(A). 
We also need the following 

Lemma 5.1. Let V,W be vector fields ofT*M such that tt^,V = n^W = 0. Then 

(1) ([(V')'", {jv'^y])'' = j{[{jp''y, {v'^y])''. 

(2) a([(Jp")^Vv^], Vi^) = -giWWJipW^)). 

Proof. (1) It is clear that if item (1) holds for vector field V then also holds for vector field aV. Thus in 
order to prove item (1) it is sufficient to prove it when V is constant on the fibers of T*M, i.e., when V'^ 
is a vector field on M. But in this case from item 1 of Proposition 14. II for if = 1, = it follows that 
both sides of the formula of our item 1 are equal to —J^v'^. 

(2) Both sides are linear on vector field V, thus it is sufficient to prove it when V is constant on the 
fibers of T* AI , which is a direct consequence of identity (|i?T^ and Lemma lO □ 

Now we are ready to start our calculations: 

(5.5) adMV^^O = [V^, Vy..] - uo[iJp'^r,Vy.] - ^i^[V^, (j/)"] 

-^[V, {JV'^y] + ^[{Jp'^r, {jV^n mod Va(A) ® H(A) 
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Note that the last term of (|5.5p vanishes by item (1) of Lemma [5.11 and relation (|5.ip . Therefore, by 

(e: 



Now we analyze the right-hand side of the last equation term by term. First, it follows from identity 
([214]) that 

(5.7) (T([Vp^, V^], V^) = 
Also it follows from item (2) of Lemma 15.11 that 

(5.8) a([(J/)^Vv^],V^) = g(VJ(p^^;''),^;"). 
Also it follows from identity (|4.17p that 

(5.9) a([Vp^,(j/)"],V^)) =5(^;^VJ(p^p'')). 
To analyze the fourth term of (|5.6p we need the following 

Lemma 5.2. The following identity holds: 

(5.10) ^4[v^,V^)])^!|(J„^)-_i^(A,^;)^j^ modRp^ 

Proof. First, it follows from the equations (|2.12p and the identity (I3.17P that 7r*([Vph , V„fe)]) = —Bv^, 
where B is as in (|3.17p . Further, comparing identities ([XTg]) and g^H), we get B{v^y = -^{Jv^f + 
\A{\, v) ■ The proof of the proposition is completed. □ 

Finally, it follows from identity (|5.10p that 

(5.11) a([V, {JV'^)%Yy> ^ ^(^*([V, V^]), [Jv^T) = fflyl^"")" - ^-^(A, ^)jj^y Jv^)- 

Substituting identities (|5.7p . (|5.8p . (|5.9p . and (|5.1ip into (|5.6p . we get the required expression for 
5Ka(c,c). □ 

Theorem 5.2. T/ie curvature maps 'y{\{c,h) and 9i\{c,b) can be represented as follows 
1) ^Rx{c,b)v = px{c,b){v)£b{X), where p\{c,h) <eVc{X)* and it satisfies 

PX{C. b){v) = pL_.g(i?V(p/.^ J/)/, «'') - p^3(«'' VV(/,/,/)) 



^^.g(«", VJ(J/,/) + VJ(/, J/)) + ■^V) 



4un 



P^5(V^VJ(/,/))5(^^^ VJ(/,p'')) - P^5(V^VJ(/,/))<?(^;^ JV) 



2) 5KA(6,6)£b(A) =pA(&,6)fb(A), w/iere 

Px{b,b) = p^5(i?^(J/,/)Jp^/) - p^.g2(VJ(p'\/), J/) 

^ \\^Jip\/^)r + ^^^g(Jp\y^J{p\p\p^)) - ^^5(J/, VJ(/, J/)) 



^5(V\vj(j/,/)) - ^5(JV, vj(/,/)) + p^ll^VlP 
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Sketch of the proof. Recall that by Proposition 13.21 (relations (|3.33p and (|3.35p there) 

px{c,b)v = a{&dhTi{\),Vln) 

(5.12) 

Pa(6, h) = -cj{&dhTb{\),Tb{X)). 

First it follows from ([^ that 

ad/J = --^Mdhf{Jp^y + 3M— l^)(ad/I)(j/)'' 

(5.13) "^^ " "^^ " 

Note that the last two terms of ()5.13p belong to the space Va ®Vb, which lies in the skew-symmetric 
complement of V^,, € V''^'*"*' w.r.t. a. Therefore 

(5.14) px{c,b)v = a (^^±_(ad/I)2(j/)- _ 3/J(^l^)(adft)( J/)^ V^. 
In a similar way, since Va = K^u^, we have a{duai^b{X)) — 0. Therefore 

(5.15) p,(6,6) = -a(pl^(ad/J)2(j/)^' - 3/J(p^)(ad/;)(j/)^' - 3(/^)^(pl^)(Jp")^.F,(A)). 

Note that (ad/i)( Jp'')" is computed in (|4.17p and {h)'^{j^h\\) is computed in item (2) of Lemma 14.11 
Furthermore, from relations (|4.17|) and (13. 5|) . using items (1), (2), and (3) of Proposition WA\ it follows 
that 

(adM2(j/)" = [Vp. -^o(j/)-,- V(jp.)„ + (VJ(/,p^))-] 

(5.16) = -2Vvj(p^+ «oVjvi + IR/f - (i?''(/, Jp")/)'' + VJ2(p^p^p'') 

- uo(VJ(j/,p''))'^ - 2^.o(VJ(p^ Jp'^))" + ^.o(JVJ(p^/))'' 

Substituting all this into ()5.14p and (|5.15p and using identity p.3p and Proposition 14.11 one can get 
both items of the theorem by long but straightforward computations. □ 

Further, let QJi be as in Step 4 of subsection 13.31 Note that the expression for S!0\ can be found in 
item (2) of Lemma [ 



Theorem 5.3. The curvature maps 'y{\{c,a) and fH;\(a, a) can be represented as follows 

1) £Ha(c, a)w — p\{c, a){v) "° , where p\{c,a) G Vc(A)* and it satisfies 

\\Jp 'I 

px{c,a)v = WJp'^W (^.^-L_A^ (X,v)-9(^(D\x{c,c)v)\^^^+\\Jp'^\\h{j^^)px{c,b)i 
2) ^Rx{a,a)du„ — px{a, a)duQ, where p\{c,a) G Vc(A)* and it satisfies 

pxia,a) = K(pA(c,6)(2J^)) + ||j/||/j(^pi^^K(pA(6,6))+PA(c,a)(2Ji) 



\jph\\j'^^"' " " " vII^pII/ ' Vll-^p'^l 

where p\{c,b) and p\{b,b) are as in Theorem \5.'A A is expressed in (|4.18p and Wi is expressed by item 
(1) of Lemma | 

Proof: 1) Recall that by Proposition 13.21 (relation p.34p there) 
(5.17) px{c,a)v^a{&dhy''y^,Ta{\)) 

Since £q(A) lies in the skew-symmetric complement of JF''^''"^(A) w.r.t. cr, then it follows from relations 
([3:21) and ([STT]) that 



(5.18) px{c,a)v = (T{a.dhV'y^,Ta{\)) 
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Further it follows from relations ((OI)) and ((5?^ that 

(5.19) px{c,a)v = a(adW^.,-|| j/||uo - OTq - || Jp''|lK [jj^^ 

Now let us analyze the right-hand side of identity (|5.18p term by term. First from identity (|4.26p it 
follows that 

(5.20) (T(adW^. , uo) = -h{P{V)) 

Substituting relation (|5.20p into identity (|5.18D and using item (2) of Lemma [4.31 we have 

(5.21) p^{c,a)v = -\\Jp''\\h{P{V))-g[{^x{c,c)v)\m\^ + \\Jp^^\\h{j^^)p^{c,h)v. 

Taking into account item (2) of Lemma [531 we get the item 1) of the theorem. 
2) Recall that by Proposition 13. 21 (relation p.36p there) 

(5.22) px{a,a) = -a{&AhTa{\).Ta{\)) 
Further, from the fourth line of structural equations p.ip it follows that 

(5.23) 7r,ad/iJ^a(A) = 0, mod M/, a{&dhTa{\),Tb{\)) = Q 
Then it follows from relations ()3.30|) and (|3.2|) that 

(5.24) PA (a, a) - -a{&dhTa{\),-\\Jp''\\u^-'m^) 

Now let us analyze the right-hand side of identity (|5.24p . First since \h, uo] — 0, we get 

(5.25) <j{aAhTa{\).uo) = -h{<j{un,J^aW)) 
Let us calculate cr(uo, -Fa(A)). Since 

J^aiX) = WO, mod V6(A) ® Ve(A) ® V^'-'^"^(A) ® '^"^(A), 

we get 

(5.26) (7(uo,^a(A)) =0 
Further, it follows from relation (|3.2p that 

(5.27) aiuo,Ta{X)) = -j^^a{sidhTa{X),TbW) = -p^'^(ad/I.Fb(A), .F„(A)) 
Furthermore, it follows from the line before last of structural equations (|3.ip and relation (|3.30p that 

(5.28) a{adhJ^bW,^a{X)) - a (^ad/J.Fb(A), -|| j/||uo - 2IJo - \\Jp''\\h (p^^) 

Substituting it into (|5.27p and using relation (|5.13p . item (2) of Lemma [4.31 and the second identity of 
dsn]), we get 

(5.29) <j{uo, J'aW) = -(^)'(p^) - pp^^^(^' + ^(pp^)''^^^' 
Finally, we have 

(5.30) a{adhTaiX),Wa) ^ a{sidhWa, Ta{X)) = -pa(c, a)2IJi. 

Substituting identities ((5?^ . ((05)1 and (jOU)) into ([5^ . we obtain the required expression for 
p\{a,a). □ 

Note that using the calculus developed in the previous section and the previous theorem, one can 
express the curvature maps 9^a(c, a) and 9'lA(a, a) explicitly in terms of the Riemannian metric on M and 
the tensor J, but the expressions are too long to be presented here. Instead we analyze in more detail the 
expressions for curvature maps in the case of a uniform magnetic field, i.e. when V J = 0. Remarkably, 
the curvature maps 1Ha(c, a) and ^\{a, a) vanish in this case. 

Corollary 2. Assume that J defines a uniform magnetic field , i.e., V J — 0. Then the curvature maps 
have the following form 
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(1) 5((9^a(c, c){v)y\ yf^^ = 9(R^{p\ v^)p\ v^) + ^ {\\Jv^r - Jj^9\v\ J^p^)) ; 

(2) 5Ha(c, b)v = Uj^^g{R^{p\ jph)p\v'^) + ^.g( J«", JV)) ffc(A); 



(3) = pJ^<?(i?^(V,p")V,/) + p^||JVf ; 

(4) 9lA(c,a) = 0; 

(5) 9lA(a,a) = 0, 

where p\{b,b) is as in Theorem \5.2[ 



Proof Items (1), (2) and (3) are direct consequences of Theorems 15.11 and 15.21 Now we will show 
the proofs for items (4) and (5). We will denote by X,Y, Z,W,V the vector fields on M. Assume that 
V G Vc(A) and is a parallel vector field such that V^(A) = v. The following two propositions will be 
needed. 

Lemma 5.3. IfWJ — 0, then 

(1) For any positive integer fc e N, V(J'^) = 0, V'^ J — 0; 

(2) J{R^{X,Y)Z) = B^{X,Y)JZ; 

(3) g{R^ {X,Y)JW,Z) = -g{B^ {X,Y)W,JZ); 

Proof. The item (1) is proved by definition; The item (2) is an analogy of 6, Chapter IX, Proposition 
3.6 (2)]; The item (3) follows from item (2) immediately. □ 

Lemma 5.4. For Vu G Vc(A), the following identities hold: 

(1) ^(A,t;) = -^.g(i,",jV), 

(2) ^(l)(A,^;) = ^.g(^;^JV), 

(3) A^^M = jV) - JV). 

Proof. The items (1) (2) are direct consequences of Lemma [4.21 and Corollary (TJ respectively; The item 
(3) can be proved by applying Proposition 14.21 to .4^^^ □ 

Let us prove £Ha(c, a) = 0. It follows from item (1) of Lemma [TT] that 



Then it follows from item 1) of Theorem [53] that 

(5.32) pa(c, a)v = A^^^{X, v) - g(^(9\x{c, c)«)'\ QJ^^ 
Further it follows from item (1) of Lemma [4?3l that 

(5.33) = ^^jV+^o||Jp''||/. 
Substituting identity (|5.33p into the expression of SHa(c, c), we get 



g (^{mx (c, c)v) , j = g(i?^ (/ , v'^)p'^ , J^p'^ + uo \ \ Jp"^ \ \p'^) 

(5-34) +f5(j^\^jV + «o||J/||J/) 



4|| Jp'' 

From item (3) of Lemma 15.41 it is easy to see that the sum of the last two items of (|5.34p is equal to 
-A^'^\\v). Thus 

(5.35) px{c,a)v = -g{B^ {p\v'^)p'\ j^^jy^ + u^pp^y^) 

Finally by items (2), (3) of Lemma 15.31 and algebraic properties of the Riemannian curvature tensor we 
conclude that px{c,a)v = 0. 
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Now let US prove that D\\{a, a) = 0. First using that Rx{c, a) — and relation (|5.3ip we get from item 
2) of Theorem [SH that 

(5.36) px{a,a)^h{px{c,b){^i)) 

Let us show that px{c, &)(2Ji) — 0. Indeed, from item (2) of the present corollary it follows 

(5.37) Pa(c,6)(QJi) = pl^5(i?V(/, j/)/,Q3?) + ^^g( jV) 

Note that the first term of the right-hand side of last identity coincides with the right-hand side of (|5.35p , 
taken with the opposite sign. Hence, it vanishes. The second term also vanishes due to relation (|5.33p and 
the antisymmetricity of J. By this we complete the proof of the Corollary. 

Finally consider even more particular but important case when V J = and ~ —Id, i.e. when the 
tensor J defines a complex structure on M and the pair (g, J) defines a Kahlerian structure on M . As a 
direct consequence of the previous theorem, one has 

Corollary 3. Assume that J defines a complex structure on M , i.e. VJ = and = —Id. Then 

3mx{c,c){v))\v'^) = g[R^{p\y'^)p\y'^)^}^\\y\\\ 

dKx{h,c){v) - g(i?^(/,j/)/,«'')£fc(A), 
px{b,b) = g{R^{p\jp'^)p\jp^) + ul 
EHa(c, a) = and 9^A(a, a) = 0, 



6. Comparison Theorems 

In the present section we restrict ourselves to sub-Riemannian structures with a transversal symmetry 
on a contact distribution such that the corresponding tensor J satisfies V J = 0. We give estimation of 
the number of conjugate points (the Comparison Theorem) along the normal sub-Riemannian extremals 
(Theorem 16 . 1 1 below) in terms of the bounds for the curvature of the Riemannian structure on M and the 
tensor J. The main tool here is the Generalized Sturm Theorem for curves in Lagrangian Grassmannians 
([3] and [5]), applied to our structure equation (j3.ip . 

Let, as before, A — {p,q) e T*M,q S M,p e T*M. Define the following two quadratic forms on the 
space V6(A) © Vc(A) 

(6.1) Qx{v) = \\JA\^-y^9{Jv\Jp''f 

(6.2) Qx{v) = Qx{v)--^Qx{vc), 

where the vector Vc G Vc(A) comes from the decomposition v — Vb + Vc with Vb G Vh(A). The quadratic 
form Qx has the natural geometric meaning: the number Qx{v) is equal to the square of the area of 
the parallelogram spanned by the vectors Jv^ and Jp'' in Tpr(q)M divided by || Jp^|p. In particular, the 

quadratic forms Qx are positive definite. The reason for introducing the form Qp is that the identities 
in the Corollary [5] can be rewritten as follows, using the big curvature map 9^ a of the sub-Riemannian 
structure: 

(6.3) g({d\x{v))'',v^)^g{R:'{p\v^)p\v^)+ulQx{vbc), 

where the vector Vbc G Vb{^) ® Vc(A) comes from the decomposition v — Va+ Vbc with Va G Va(A). 

Now fix T > 0. In the sequel given a real analytic function ip : [0, T] — K denote by jjtTi'fiix) — 0} the 
number of zeros of f on the interval [0,r] counted with multiplicities. Given a normal sub-Riemannian 
extremal A : [0,r] — > Hi denote by jiT(A(-)) the number of conjugate point to on (0,T]. Let 

sin^(V^icos^-2sin^), ii uj ^ 0, _ 
t* if w = ' 
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(6.5) iPUt) 



sin y/ujt, if w 7^ 0, 
J ifw=:0 

Further, define the foUowing integer valued function on M?: 



(6.6) ZTiL^t,iOc) «T{0c.,(i)^r'W = O} 

An elementary analysis shows that 

'(n-3)[^] + [^^]+ttT{tan(^a;)-^x = 0},ifc^, >0, c^e > 0; 
(6 7) Zriu^, ^,) = <! + HT{tan(^x) - = 0}, if > 0, < 0; 

if c^b < 0, c^, > 0. 
0, if ujb <0, LOc< 0. 

Theorem 6.1. Let Cb,Cc,£fc, and £c are constants such that the curvature tensor of the Riemannian 
metric g on M satisfies 

Also let kb, kc, Kf,, Kc be constants such that 

(6.9) kbWvl'f + fcclli'c IP < Qxivb + V,) < KtWvj^ W^ + K,\\v'^f, VA e 7^ i , e Vb(A), e Vc(A). 

Let A(-) be a normal sub- Riemannian extremal on Tii D {uq = uq} Then the number of conjugate points 
ttT(A(-)) to on (0,T] along A(-) satisfies the following inequality 

(6.10) Zricb + kbul, Cc + kcul) < ^tW-)) < Zri^b + Kbul (t^ + Kcuf,). 

Remark 5. // the sectional curvature of the Riemannian metric g on M is bounded from below by 
a constant c and bounded from above by a constant then in (|6.8p one can take Cb = Cc = c and 
£b = £c = Besides, since Q\\v^ = QaIh, Q\\va = \Q\\v^, and the forms Q\ are positive definite, 
then the constants Kb and Kc are positive. 

Proof. We start with some general statements. Let, as before, be a linear symplectic space and 
A : [0, T] — > L{W) be a monotonically nondecreasing curve in the Lagrange Grassmannians L{W) with 
the constant Young Diagram D. In this case the set of all conjugate points to is obviously discrete. 
Denote by ttT(A(-)) the number of conjugate points (counted the multiplicities) of A(-) on {0,T]. Then 
jJ(A(-)) = J2o<T<T dim(A(T)nA(0)). We will use the following corollary of the generalized Sturm theorems 
from [5] and [3]: 

Theorem 6.2. Let hr,Hr be two quadratic non- stationary Hamiltonians on W such that for any 
< T < T , the quadratic form h-r — Hj- is non-positive definite. Let Pt,Pt be linear Hamiltonian flows 
generated by hT-jHr, respectively: 

^p^^trPr, ^Pr^HrPr, Po = Pq ^ id. 
OT OT 

Further, let A(-),A(-) be nondecreasing trajectories of the corresponding flows on L{W), both having 
constant Young diagram D: 

A(r) = P^A(O), A(t) = P^A(O), < r < T. 

Then MM-)) < ttT(A(-)). 

The detailed proof of this statement (even a in slightly general setting) can be found in [S] (see also 
[3]). As the direct consequence of this theorem and the structural equations (12. 4p we get the following 

Corollary 4. Let A, A : [0,T] L{W) be two monotonically nondecreasing curves in the Lagrangian 
Grassmannian L{W) with the same Young diagram D. Assume that A(-) and A(-) have normal moving 
frames {{Ea{t)}aeA, {Pa{t)}a£A) and {{Ea{t)}a£A, {Pa{t)}a&A) respectively such that if Rt is the matrix 
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of the big curvature map of A{-) w.r.t. the basis ({£'a(i)}aeA o,nd Rt is the matrix of the big curvature 
map o/ A(-) w.r.t. the basis {{Ea{t)}aeA, then the symmetric matrix Rt — Rt is non-positive definite. 
Then ttT(A(-)) < MM-))- 

Now let the diagram D be as for the case of sub-Riemannian structures on corank 1 distributfons. Let, 
as before, 3a(') is the Jacobi curve attached at the point A. Given constants ujb and ujc let be 
the curve in L(W) with the Young diagram D such that its curvature maps satisfy: 

(6.11) $Kt(a, a) = 0, Dlt{c, a) = 0, Dlt{c, b) = 0, d\t{b, b)Eb = ujbEt, Dlt{c, c) = ujjd Vt 

Then from the identity (|6.3p . conditions (|6.8p and (|6.9p . and Corollary H] it follows immediately that 



In order to prove Theorem 16.11 it remains to show that 
(6.13) ttT(r^„^.(-)) =^t(c^6,c^c). 

Let us prove identity (|6.13p . Let {Ea{t), Et,{t), Ec{t), Fa{t), Fi,{t), Fc{t) be a normal moving frame of 
the curve Ti^^^i^^(-). Substituting ()6.1ip into the structural equation p.ip we get 

' E',{t) ^ Et{t) 
Kit) = F,{t) 
E'M=Fc{i) 

Flit) ^ -UJbEbit)nt{b,b) ~ Fa{t) 

[F^^it) = -Lo.E.it). 

From this we obtained the following two separated equations for Ea and for Ec, respectively: 



(6.14) 



(6.15) 



' Ei^^ + cjtE': = 
E'! + uj,E, = 



Assume first that LOb ^ {) and lUc 7^ 0. Then there exist vectors ai, . . . , Q!4 and /3f , /Sf , k = 1, ... ?i — 3 in 
W such that 



(6.16) 



Ea{t) 

Eb{t) 
E,{t) = (e'v^*/3j 



+ ^3 + tQ:4, 



iJuJ^e'-^'^^'ai 



t /on— 3 



+ e-'^*P^-^). 



Besides, by constructions vectors ai, . . . , 0:4, . . . , /?"~ , /?2~ have to be linearly independent. 

Introducing some coordinates in W we can look on the tuple ^Eait), Et{t), Ec{t) , Ea{0) , Eb{0) , Ec{0)) 
as on 2(n — 1) x 2(n — 1)— matrix, representing each involved vector as a column. Let d{t) be the 
determinant of this matrix. Obviously, t is conjugate point to of multiplicity / if and only if t is zero 
of multiplicity I of function d(t). On the other hand, using expressions (|6.16p it is easy to show that the 
function d(t) is equal, up to a nonzero constant factor, to 



e' 



«VWfce'v-»- 1 i^ 
-iv^e"*v^* 1 -i^ 
1 



1 







1 



n— 3 



which in turn is equal, up to a nonzero constant factor, to the function 4>uib{t)''PZ~~^ i^) appearing in the 
definition (|6.6p of the function ZT{ijJbi^c)- The case when one or both ojb and uJc are equal to zero can 
be treated analogously. This completes the proof of (|6.13p and Theorem 16.11 itself. □ 



Now let us state separately what Theorem 16.11 says about the intervals along normal extremals of 
the considered sub-Riemannian structure which do not contain conjugate points or contain at least one 
conjugate point: 
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Corollary 5. Under the same estimates on the curvature of the Riemannian metric g on M and on 
the quadratic forms Q\ as in Theorem \6.1\ the following statement hold for a normal suh- Riemannian 
extremal on TLi H {uq — uq\: 

(1) // Cb + KhUQ > and €c + KcUq > 0, then there are no conjugate points to in the interval 

(2) If €b + KijUq > and €.c + KcUq < 0, then there are no conjugate points to in (0, ~7==^)>' 

(3) If €b + Kb^Q < and £c + KcUq > 0, then there are no conjugate points to in (0, — =^==); 

(4) If €b + KbUQ < and £c + KcUq < 0, then there are no conjugate points to in (0,oo); 



(5) // Cb + kbUQ > 4(Cc + kcU^) > 0, then there is at least one conjugate point to in (0, 



2'J' 



(6) // Cc + kcU^ > -rfcb + kbUn) > 0, then there is at least n — 3 conjugate points to in (0, ■ , 

( at least n — 2 conjugate points in the case Cb + kbUg = 4(Cc + fcc'"o) 

(7) // Cb + kbUQ > and Cc + kcU^ < 0, then there is at least one conjugate point to in (0, . 

(8) IfCb + kbUo < and Cc + kcuf, > 0, then there is at least n~3 conjugate points to in (0, . ^ _ 1 

Finally note that if in addition = —Id then the quadratic forms Qx have the following simple form: 

Qx{vc + vb) = Ikb IP + V«b e Vb{X),v, e Vc(A). 

Therefore in this case one can take kb = Kb = 1 and kc = Kc = j. 
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